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A direct analytical mathematical method is introduced to calculate the efficiency of gamma
ray cylindrical detectors. The efficiency expression is deduced through a straightforward
mathematical approach. The presented method is based on the accurate analytical calculation
of the average path length covered by the photon within the detector's active volume, effective
solid angle, and the efficiency transfer method in an integral form, so as to obtain a simple for-
mula for the detection efficiency. In addition, the self-attenuation coefficient of the source
matrix, the attenuation factors of the source container (with a radius smaller than the detector
radius) and the detector housing materials are also treated by calculating the average path
length within these materials. 152Eu aqueous radioactive sources covering the energy range
from 121 keV to 1408 keV were used. Remarkable agreement between the measured and the
calculated efficiencies was achieved, with discrepancies less than 6 %.
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Introduction

Absolute efficiency is greatly important in
gamma ray spectroscopy, where it is needed to deter-
mine the activity of gamma-emitting radionuclides in
awide energy range. Cylindrical Nal(Tl) detectors are
commonly used to identify and measure activities of
low-level radioactive sources, because of their high
detection efficiency and the fact that they operate at
room temperature [1].

One of the main problems in gamma ray spec-
trometry is the accurate determination of the full-energy
peak efficiency curve for a given sample matrix and
measurement geometry. This problem is especially im-
portant in volumetric samples, where the self-attenua-
tion effects are significant for a wide range of energies
[2]. The most accurate method for calculating detector
efficiency is the experimental method, which is limited
by several factors, when the energy interval is broad. It
requires a large number of radioactive standards, imply-
ing a high financial cost, along with counting time and a
lot of effort in preparing the sources [3]. In order to
overcome the said obstacles, several non-experimental
methods [4-12] have been proposed and applied, de-
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pending on photon energy, source-detector geometry
and volume. Also, Selim and Abbas overcame these
hurdles by deriving a direct mathematical method for
obtaining the efficiencies of source-detector systems
with different geometries such as point source [13, 14],
disk source [15, 16], cylindrical source [17], Marinelli
beaker [18], parallelepiped [19], and well-type detec-
tors [20]. Moreover, they introduced a new theoretical
approach [21-25] based on the Direct Statistical
Method to determine detector efficiency for an isotro-
pic radiating point source at any arbitrary position from
acylindrical detector, as well as the extension of this ap-
proach using volumetric sources.

Badawi and co-workers deduced an analytical
approach for calculating the full-energy peak effi-
ciency of coaxial semiconductor detectors, including
the source self-attenuation correction, attenuation by
the source container and detector housing materials
[26-30]. Hamzawy also derived an expression to cal-
culate the detector total efficiency using off- axis point
sources and coaxial circular disc sources with a cylin-
drical Nal(T1) detector. These expressions are shorter
than those in previous studies and easier to calculate,
being of an elliptical integrations type and, thus, short-
ening, the program length, running time and increas-
ing the accuracy of the calculations [31].
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One of the most useful techniques to calculate
detector efficiency is the efficiency transfer method, in
which the computation of detector efficiency for vari-
ous geometrical conditions is derived from the known
efficiency for the reference source-to-detector geome-
try [32-37]. In the present work, the authors introduce
a new method, which depends on three important fac-
tors. The first one is the efficiency transfer method.
The second one is the accurate analytical calculation
of the average path length covered by the photon in
each of the following: detector active volume, source
matrix, source container, dead layer and the end cap of
the detector. The third uses the technique introduced
by Hamzawy [31].

MATHEMATICAL TREATMENT

The efficiency transfer principle, as estimated in
[38], was applied to establish the efficiency calibration
curves of the cylindrical detectors based on the follow-
ing equation. 0

_ target
3 target — 0 Eref (1)

ref
where & arge and & are the full-energy peak efficiency
(FEPE) of the target (small radioactive cylindrical
source) and the reference geometry (an isotropic radi-
ating point source placed on the crystal axes), respec-
tively. 2o and Q. rare the effective solid angles sub-
tended by the detector surface with the target and the
reference point source, respectively. In order to use the
efficiency transfer principle, the experimental refer-
ence efficiency &,.r was essentially measured [39, 40].
The effective solid angle for the isotropic coaxial
radioactive point source £, ¢,inr) can be calculated by
assuming that, there are two main cases to be consid-
ered, as indicated in fig. 1. The striking photon may en-
ter the upper face of the cylindrical detector (with ra-
dius R and length L), and may emerge from its opposite
base or from its side with different path lengths (¢, and
d,, respectively) and can be given by

L
d, = 2
' cos @ @
pCoS go+\/R2 —p2 sinzqo h
dz = B - 3)
sin 6 cos 6

Consider the detector has a reflective layer cov-
ering its upper surface with thickness #;, that each
photon entering the detector must pass through the up-
per surface of the reflective layer and, consequently,
the photon path length ¢4, through the upper surface re-
flective layer can be given by

IR
tg = 4
a= o 4)
Also, if t; is the thickness of the detector end
cap material, the photon path length 7, through the

end cap material can be given by

Source

Figure 1. A diagram of a cylindrical-type detector with a
non-axial point source (o < R)

t
¢ _ _‘ecf 5
ecl cos 6 ( )

The polar angles can take the values as follow

0 —tan! pcosgo+\/R2—p2 sin2g0

max h
0, =tan~! p°°w+vlfz;”zsmz"’ ©)
+

where 6, and 0’ . are the maximum polar angles for
the photon to enter from the detector face and exit from
the detector base, respectively.

For the coaxial radioactive point source, the lat-
eral distance p is equal to zero and, according to the
present symmetry, the maximum azimuthal angles ¢
are equal to 2. Therefore, the effective solid angle for
an axial radioactive point source can be expressed by

Qeﬁ‘(point) = fatt prure(point) (7)

where €2y (poiny) 1S the solid angle subtended by the ra-
dioactive point source and the active surface of the de-
tector and can be defined by

o

pure(point) —

2n 0
[[sin@dfdp = [ [sinOdOde (8)
00 0 0
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and _

f=1-e ©)
where u is the detector total attenuation coefficient
without coherent scattering and d — the average path

length traveled by a photon through the detector me-
dium and can be given by

27 | Oy
j jdlsm9d9 + [dz sm@d@}dG

[d (9,(/J)dQ
67: Q — Qmax
Jda2 sin 0d0dp

0 0 10)

The factor f,;, determines the photon attenuation
by all absorbers between the source and the detector
and can be given by

fatt :leay 'fEcap (1)

where frioy is the attenuation by the reflective layer,
while fgqp is the attenuation of the end cap material and
both can be given by

f —e _luRlay é‘Rlay
Rlay —

f Ecap — [§] ~Heap Oesap (1 2)
where Lirjay and fgcqp are the attenuation coefficients of
the reflective layer and end cap, respectively, while
ORiayand Spcqp are the average path length traveled by a
photon through the reflective layer and the end cap, re-
spectively, which can be given by

[ £ t4(0,9)sin 0d0de j jtdl sin 0d0dp

o )

Ouy = J'(p_é[sm 0dode i-"gj“;in 0d0dp
Jgrec(e ,@)sin 0d0de j jzec] sin 0d 0dg
% —

Ot = {) £ sinfdodp I ‘T;m 600d0

(13)

The radioactive cylindrical source (with radius S
and height H) can be considered as a volumetric
source, as shown in fig. 2, where it consists of a group
of uniformly distributed radioactive point sources,
each with its own effective solid angle, ¢ poiny-
Thus, the total effective solid angle €2 4., of the cy-
lindrical detector when using a radioactive cylindrical
source can be given by

-QEf(Cyl) = fau S seiS scﬁ?Pure(Cy]) (14)
where
I Q Pure(Point) drv

Qpyre(cyny = Vf (15)

Figure 2. Possible cases of photon path lengths through a
source-to-detector system

where Vis the volume of the radioactive source. Any
element of volume dV'=p dp do d/, when displaced at
a lateral distance p from the detector axis and emitting
aphoton atan angle a to the detector major axis, can be
expressed in cylindrical co-ordinates and eq. (15) can
be rewritten as

[ ] Qruepoiny pdodadh
QPure(Cyl) -t S2H =
H +h, 278
I j j QPure(Point)pdpdadh
=t 00 (16)
nS’H

The factors fand £, have been defined in eqgs. (9)
and (11), but in this case, the average path length, d,
traveled by the photon through the detector and the
solid angle will assume new forms due to the geome-
try of fig. 2. The average path length can be expressed

by
[1]d©.0)d2dpdad
g _ hapQ

T[T [a@pdpaad
il

hapQ

[ d, sin6do + j d, sin Odﬂldgo} pdpdadh
0 0/ ax

H +hy 28 27O
[] [ [ Jsin Gde(p}pdpdadh

hy 00LO O 17)
The new formulas of the average path length
traveled by the photon through the detector reflective
layer and the detector end cap material are given by

egs. (18) and (19), respectively.

H +hy 218 rn Ornax

- I H I J.tdl Sln@d@dgﬁ} dpdadh
5Dlay = h, 00L0
H +h, 218 {27: i

] Hffmwww}@MM

00LO0 O

(18)

o
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H +hy 21
[]
_hy O
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h

o

21‘[ Gmax
{ [ [t sin HdBd(o}pdpdadh
0 0 (19)

a

o
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S| 27 O
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In the case of a radioactive cylindrical source
with a radius smaller than that of the detector and 4,
being the distance between the source and the detec-
tor's upper surface, there are two possible paths, ;; and
t,,, for the photon to leave the source which can be
given as:

(1) To exit from the radioactive source base

h—h,
=2 20
sl cos 6 ( )
(2) To exit from the radioactive source side
pCos <p+w/S2 —p2 sinz(p
2= 21)

sin 6
The maximum polar angle 6, to let the photon
exit from the radioactive source base can be given by

+Js2 —p2sin?
0. —tan!| PP e )

) h—h,

The self-attenuation factor S of the radioac-
tive source matrix is given by

Sy = Hls 23)

sel

where g5 is the attenuation coefficient of the source
matrix and 7, — the average path length traveled by the
photon inside the source and can be given by

H¥hy o s

| | Jgapdpdadh

i = o 00 (24)

S HEho on g g O
[ 1] {f ) sin9d0d(p}pdpdadh
hy 00LO0 0

o

There are two possible values of g according to
the values of the polar angle 8 which canbe given by

2m O O

g4 = j{j tgsinOdo+ [t sin@d@}d«p (25)
0| 0 6,

for case in which (05 <0,,,x), and

270 Ormax
gq =] [tysin0dode (26)
0 0

for case in which (05 > 0,,4).

If ¢, is the source container bottom thickness
and ¢ is the source container wall thickness, there are
two possible path lengths, 7, ; and #,,, for the photon to
exit from the source container:

(1) To exit from the radioactive source base

t
tscl = b (27)
cos 6

(2) To exit from the radioactive source side

_ pcos (p+\/(S + 1 )? —pzsinz(p

sc2

sin 6

_pcos go+w/S2 —p2 sinzq) -

sin 6

2
oo
tscs[1+2S2 s1n2(pJ

- sin 6 %)

The maximum polar angle 6 to let the photon
exit from the radioactive source container base can be
given by

0. —tan! pcos (p-i-\/(S + 1ty )? —p2 sinzgo
¥ h—h, +t

scb

(29)

The attenuation factor S, of the radioactive
source container material can be given by

S, =e Hele (30)
where 1, is the attenuation coefficient of the radioac-
tive source container material and 7 is the average
path length traveled by a photon inside the radioactive
source container, which can be given by

H +h(, 21 S

J. Jgsclpdpdadh

- hy 00
= o 1
L H +h, 2nsrn Ormax Gh
0

[l Jsin@d@dgo}pdpdadh
0 0

0
There are two cases for the values of g ; accord-
ing to the values of the polar angle 6 and they can be
given by

o

—  The case in which (0, <0,,,,)
2n| 0, 0 ax
g = | | [t sin0dO + [t ,sin0do |dp (32)
0Lo O
The case in which (6. >6,..)
271 Ormax
g =] [tesin0dode (33)
0 0

By using the efficiency transfer principle, the
full-energy peak efficiency of the cylindrical detector
when using a coaxial radioactive cylindrical source
can be calculated based on the reference measured
full-energy peak efficiency of the cylindrical detector,
with respect to an axial radioactive point source and
can be given by the following formula

Q
Sy = SN € (Point) (34)
Eff(Point)
where g(cyy and ggpoiny are the full-energy peak effi-
ciency for the cylindrical detector for using a radioac-
tive cylindrical source and isotropic coaxial radioac-
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tive point source as the a reference geometry,
respectively. While Qpg ey and Qggpgiy are the ef-
fective solid angles subtended by the detector surface
with the radioactive cylindrical source and the refer-
ence geometry, respectively.

EXPERIMENTAL SET-UP

The experimental section of this work was per-
formed in Prof. Dr. Y. S. Selim, Laboratory for Radia-
tion Physics, Physics Department, Faculty of Science,
Alexandria University, Alexandria, Egypt. Full-en-
ergy peak efficiency values were determined for two
Nal(TI) detectors with resolutions of 8.5 % and 7.5 %
at the 662 keV peak of '37Cs, labeled as Det.1 and
Det.2, respectively. The manufacturer parameters and
setting up values are shown in tab. 1. The FEPE has
been measured by using two different types of radioac-
tive sources. These radioactive point sources are
24 Am, '33Ba, 32Eu, 137Cs, and *°Co, purchased from
the Physikalisch-Technische Bundesanstalt (PTB) in
Braunschweig and Berlin Germany. The sources' ac-
tivities and their uncertainties, half-lives, photon ener-
gies and photon emission probabilities per decay for
all PTB sources are listed in tab. 2.

The calibration process was done by the PTB ra-
dioactive point sources, where the homemade Plexi-
glas holder was used to measure these sources at four
different axial distances from the detector surface,
starting from P, =20 cmup to P}, =50 cm, with 10 cm
at each step.

Radioactive cylindrical sources in polypropy-

radionuclide, emiting y-rays in the energy range from
121 keV to 1408 keV, served as the second source.

Table 3 shows the radioactive source dimen-
sions. Efficiency measurements are carried out by
putting the sources over the plexiglas holder, which
secures the top of the end cap of the detector, as shown
in fig. 2. In order to minimize the dead time, the activ-
ity of the sources was prepared to be (5050 £ 50 Bq).
The measurements are carried out to obtain statisti-
cally significant main peaks in the spectra, recorded
and processed by winTMCA32 software made by ICx
Technologies. The measured spectrum saved as Spec-
trum ORTEC files can be opened by ISO 9001 Genie
2000 data acquisition and analysis software made by
Canberra, Australia [41].

The acquisition time is high enough to get at
least 20,000 counts which make the statistical uncer-
tainties less than 0.7%. The spectra are analyzed with
the program using its automatic peak search and peak
area calculations, along with changes in the peakfit,
using the interactive peakfit interface when necessary
to reduce the residuals and errors in peak area values.
The peak areas, live- time, runtime, and the start time
for each spectrum, were entered in the spreadsheets
that are used to perform the calculations necessary to
generate the efficiency curves.

RESULTS AND DISCUSSION

The experimental FEPE at energy £ for a given
set of measuring conditions can be computed by the
equation

lene (PP) plastic vials with a volume of 25 ml and £ N(E) c 35
50 ml, filled with an aqueous solution containing '3*Eu &(E) AP(E) | (35)
Table 1. Manufacturer parameters and set-up values for the detectors
Items Det. 2
Manufacturer Canberra Canberra
Serial number 09L 654 09L 652
Detector model 802
Type Cylindrical Cylindrical
Mounting Vertical
Resolution (FWHM) at 662 keV 7.5%
Cathode to anode voltage +1100 V d.c. +1100 V d.c.
Dynode to dynode +80 V d.c. +80 V d.c.
Cathode to dynode +150 V d.c. +150 V d.c.
Tube base Model 2007 Model 2007
Shaping mode Gaussian Gaussian
Detector type Nal(Tl)
Weight [kg] 1.8
Crystal volume [cm3 1 347.64
Crystal diameter [mm] 76.2
Crystal length [mm] 76.2
Top cover thickness [mm] Al (0.5)
Side cover thickness [mm] Al (0.5)
Reflector — oxide [mm] 2.5
Outer diameter [mm] 80.9
Outer length [mm] 79.4
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Table 2. Point source activities and their uncertainties, half livfes, photon energies and

photon emission probabilities per decay

PTB . Emission probability . Activity [kBq] . .
-nuclide Energy [keV] [%] Half life [days] |at June 1,}%?09 00:00| Uncertainty [kBq]
*'Am 59.52 35.9 157861.05 259.0 12.6
'¥Ba 80.99 34.1 3847.91 275.3 £2.8
121.78 28.4
244.69 7.49
15 344.28 26.6
Eu 778,90 12.96 4943.29 290.0 +4.0
964.13 14.0
1408.01 20.87
Pics 661.66 85.21 11004.98 385.0 +4.0
o 1173.23 99.9
Co 13325 99.982 1925.31 212.1 +1.5
Table 3. Parameters of the radioactive The full-energy peak efficiency FEPE curves
cylindrical sources were determined for point radioactive sources for four
Source description measurement geometries (positions P4, P6, P8 and
ftems Vi V2 P10). Each of these curves was used to obtain a FEPE
Volume [ml] 25 50 curve for two cylindrical sources (V1 and V2), mea-
Outer diameter [mm] 3.1 39.658 sured at the top of the detector, by the ET method. The
Height [mm] 3621 454 transferring process, as described, was performed for
Wall thickness [mm] 5 . two Nal(Tl) detectors (Det: 1 and Det. 2). Also, the
FEPE curves for the cylindrical source geometry were
Manufacturer Azlon . . R
i experimentally determined, and the comparison of ex-
Jar material Polypropylene perimental values and efficiencies obtained by the

where N(E) is the number of counts in the full-energy
peak, ¢ — the measuring time (in seconds), P(E) — the
photon emission probability at energy E, As — the
radionuclide activity, and C; are the correction factors
due to dead-time and radionuclide decay. Intended for
measurements of the radioactive volumetric and point
sources, the dead-time has always been less than 2 %,
when the sources with high activities were placed at a
secure enough distance from the detector surface in or-
der to reduce the dead-time to this percentage. There-
fore, the corresponding factor was obtained by simply
using ADC real time. The decay correction Cy for the
calibrating source from the reference time to the
runtime is given by

Cy =™ (36)

where is the decay constant and Az—the time elapsed
between the reference date and the time of measure-
ment. The uncertainty in the experimental full-energy
peak efficiency o, is given by

o s (aeji;z {%)22 {%fa
¢ o4 ) “*\op) " \on) Y G

where o4, op, and oy are the uncertainties associated
with the quantities As, P(E) and N(E), respectively, as-
suming that the only correction made is due to source
activity decay.

(ET) method for each detector presented in figs. 3 and
4 considered to serve as examples and a graphic dis-
play of the said results. The discrepancies between the
calculated and the measured efficiencies, given by eq.
(38), where ¢, and €, are the calculated and experi-
mentally measured efficiencies, respectively, are
listed in tab. 4.

AV = Eeal “Emeas 1) (38)

& meas
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Figure 3. The calculated full-energy peak efficiency for
detector Det. 1 using radioactive cylindrical sources V1
and V2, based on reference values at position P4,
compared with the ones measured with their associated
uncertainties as a function of photon energy
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Table 4. The discrepancy percentage (A%) between the experimental and theoretical values of FEPE for detectors Det. 1
and Det. 2 using radioactive cylindrical sources V1 and V2 based reference values at positions P4, P6, P8, and P10

(A%) [Det. 1]

Energy Vi V2
[keV] P4 P6 P8 P10 P4 P6 P8 P10
121.78 —1.84 1.05 1.59 -2.80 1.90 -0.79 1.07 0.98
244.69 -3.60 3.58 2.58 0.42 225 0.64 -3.11 -0.86
344.28 -3.24 2.88 1.59 -1.22 2.11 3.86 -0.07 1.50
778.90 0.09 -1.19 -0.04 0.07 4.11 4.06 -0.30 0.46
964.13 -0.30 ~1.45 -0.41 -0.57 4.89 4.97 0.54 1.03
1173.23 4.05 -2.60 4.06 3.87 —0.82 -0.85 —0.44 -3.08
1408.01 0.77 1.63 0.24 —2.45 -2.36 -2.99 -2.55 -0.32

(A%) [Det. 2]

Energy Vi V2
[keV] P4 P6 P8 P10 P4 P6 P8 P10
121.78 ~1.85 0.33 0.09 4.82 1.21 3.32 -3.84 —4.67
244.69 -1.76 1.93 3.11 2.72 -1.16 2.50 3.68 3.29
344.28 —4.24 -1.10 0.46 —0.85 -5.57 -2.39 -0.81 -2.14
778.90 —2.27 1.50 4.11 3.56 -4.15 3.39 ~0.04 2.79
964.13 ~1.40 -3.10 -0.52 0.05 -0.22 2.52 -1.31 -2.72
1173.23 1.67 —0.44 -2.20 0.77 -4.55 1.05 -1.55 —0.64
1408.01 -1.12 -2.96 0.68 226 -1.17 0.25 -1.71 —1.85

0.1 1

Calculated V1 with D2-P4

® Measured V1 with D2
Calculated V2 with D2-P4
¥ Measured V2 with D2 ]

N
al

Full-energy peak efficiency o

0.01 r — T
01 Photon energy [keV] 1

Figure 4. The calculated full-energy peak efficiency for
detector Det. 2 using radioactive cylindrical sources V1
and V2, based on reference values at position P4, com-
pared with the ones measured and associated uncertain-
ties as a function of photon

CONCLUSIONS

This paper presents a simple analytical method
to evaluate the full-energy peak efficiency covering a
wide energy range while, using isotropic axial radio-
active point sources, and axial radioactive cylindrical
sources. The present approach offers a great possibil-
ity to calibrate the detectors through the determination
of the FEPE curve, even in cases when no standard
source is available, this being the ultimate goal of our
work. In general, the discrepancies between the calcu-
lated and the experimental values of all measurements
were found to be less than 6 % across the entire energy
range of interest.
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Mona M. TOY A, Moxamepn C. BAITABU, Axmen M. EJI-KATUD,
Hancen C. XYCHUEH, Maxmyn U. ABAC

INPOPAYYH EOUKACHOCTHU NAI(T)) JETEKTOPA
Y IIUKY EHEPIETCKE PACIIOJEJE METOOOM TPAHC®EPA E®UKACHOCTHU
3A MAJIE HWINHAPNYHE PAJINOAKTUBHE U3BOPE

[lpuka3ana je AUpeKTHAa aHATUTHYKO-MaTeMaTHYKa MeTOfa 3a INPOpadyyH e(UKaCHOCTH
UJIMHPUYHUX IE€TEKTOpa rama 3payerha 1 U3BeJleH je n3pas 3a e(puKacHOCT IUPEKTHAM MaTEeMaTHIKAM
noctynkoM. IIpefcTaB/beHa METOAA 3aCHUBA CE HA TAYHOM aHAJIUTHYKOM NPOPAUYHY CPENH-E MY>KUHE
cIoOOHOT TyTa (DOTOHA Y AKTHBHO] 3aIIPEMHUHU JETEKTOpa, €(DeKTUBHOM IIPOCTOPHOM YTIIy W METOAM
TpaHcepa epuKaCHOCTU Y MHTErpallHOM OOJIMKY — ca LMJbEM fla ce foluje jeHocTaBHa (opmyna 3a
eukacHoct perekropa. KoedunmjeHT camo-cnaGibera MaTpune u3Bopa, (akTopu crnabiberba
KOHTejHepa u3Bopa (ca pajnjycoM MamuM Off pajyjyca eTeKTopa) U MaTtepujajia Kyhuinra gerekropa,
Takobe Cy pa3MaTpaHu N3padyHaBamEM CPEIET CIIOOOHOT yTa y OBIM MaTepujannma. Kopumrhenn cy
TEYHU PaJMOaKTUBHU H3BOpH 2Eu Koju MoKpuBajy pacion enepruja o 121 keV go 1408 keV. ITocturayTo
je N3BaHPE/IHO Cllarame MepeHe 1 pauyHaTe e(pMKacHOCTH, ca pas3inkama MawiM off 6 %.

Kmwyune peuu: Nal(Tl) cyuniiuaayuuonu 0ettieKimiop, YuAuHOPUYHU U3B0D, ePUKACHOCII y TIUKY eHepzuje,
gaxkitiop camo-caabwerba




